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Introduction
~ The magnetic moment of an electron ~

Electrons interact with electromagnetic fields through the Dirac equation: .
electron positron

L

" (O —ieAy) Y = my) “— = (¢, (I))T

M - gamma matrices , A, : vector potential, ¢ :electronic charge, 711 :electron mass.
Y z

Taking the non-relativistic limit of the electron, we get the Schrodinger equation: | 10y = Ho

For the leading order of v/c , Hamiltonian is H =m — eAy 1 (p; + eAZ-)Q
2m

An electron has a magnetic moment

&
Conventionally, we rewrite it as —uBgS - B <,UB =50 9= 2 >



Introduction
~ The magnetic moment of an electron ~

Electrons have a magnetic moment: H = —,UB%S - B
&
( Bour magneton: up — o g-factor: 9 , spin: S , external magnetic field: B )

At the tree level, g-factor is exactly equals to 2. However, It deviates from 2 due to loop corrections

- — m > et O(a?) ( a = e?/4m ~1/137 )

photon

— 2
Now the g-factor has been calculated up to O(a*) : J = agM = 1,159,652,181.61(23) x 10~

(Hadronic and weak contributions have been included) (G. Gabrielse, et al, PRL 97, 030802 (2006))



Introduction
~ The magnetic moment of an electron ~

The standard model prediction of the electron g-factor is

— 2
J = aS™ = 1,159,652,181.61(23) x 10~ *2 (G. Gabrielse, et al, PRL 97, 030802 (2006))

However, it does not coincide with an experimental result:

ac? = 1,159,652,180.73(28) X 1012 (D, Hanneke, et al, PRL 100, 120801 (2008))

€

€

( Aa, = a®P —a?M = —0.88(36) x 107'* 4t 250 )

* Implication of a new physics? something has been overlooked?

= FEffects of Earth’s gravity?
K muon g-factor also has a dlscrepancy at 4.20 (T. Morishima, T. Futamase, H.M. Shimizu (2018), etc...)



Talk plan

How to measure the electron g-factor?

Effects of Earth’s gravity on a Dirac particle

Gravitational modifications in electron g-factor measurements

® correction to the trajectory of the cyclotron motion
® correction to the spin precession

spin-obit coupling



Talk plan

How to measure the electron g-factor?



Electron g-factor measurements

An electron experiences the cyclotron motion and the spin precession in the presence of an external magnetic field

B
Magnetic field

Measuring the cyclotron frequency f. and the spin precession frequency fs, we can determine the g-factor




Electron g-factor measurements

The observed g-factor is

We will see that effects of Earth’s gravity modify
the trajectory of the cyclotron motion —} modifying f c
the spin kinematics of spin precession —— modifying f s

Also a spin-obit coupling will appears due to gravity — modifying f c

Then modified g-factor is

—> Our goal is to calculate 0fs and 0f. due to Earth’s gravity

/s



Talk plan

Effects of Earth’s gravity on a Dirac particle



Dirac equation in curved spacetime

In order to study gravitational effects on an electron, we consider the Dirac equation in curved spacetime

A

yo‘ : gamma matrices , A o vector potential , e :electronic charge,
_ 7 . . PG
M :electron mass, €a : tetrad which satisfy eﬁeﬁn@ B — Juv
'), = %630&5 (8“6’/5 + FiueAﬁ) : spin connection ,
, = 4hes 3l
opS I Ya oY e : generator of the Lorentz group

The Dirac equation satisfies the local Lorentz covariance and the general covariance.

What is the appropriate coordinate (metric) reflecting Earth’s gravity...?



Dirac equation in curved spacetime

This observer is not
freely falling due to the Earth

There are three kinds of gravitational effects from the Earth

® The linear acceleration d: _ _ _
Inertial effects due to non-freely falling motion

O The rotation w;

@ The tidal force =~ <= Characterized by the Riemann tensor R,



Fermi normal coordinates

\’77- (geodesic)

For a freely falling observer,

. . . . : Z
we can construct a fermi normal coordinate, which move with the geodesic:

The metric for a fermi normal coordinate is given by (up to the linear order)

goo = —1 — Roigjl~, 227 goo = —1 — 2a;2* — Ry 22’
2 L 9 |
Jo; — —gRojik‘%_ﬁEjﬁC ) — Jo; — —wke()?;jk:zzj — gR()jikinfEk,
1 deviation from 1 -
9is = O — g Rikitl, the freely falling Fig = O 3Tkl

( F.K.Manasse, W.Misner. (1963) ) (W. T. Ni, M. Zimmermann. (1978) )



Proper reference frame

An accelerating ( a; ) and rotating ( w; ) observer in weak gravitational field ( RW o ) can be characterized by
the proper reference coordinate:

(up to leading order)

B ; i
goo = —1 — 2a;2" — Ry 27,
J 2 j .k .
goi = —WEg€oijel” — gROjika T, Riemann tensors are evaluatedat o = (
1
— P — I . . k l
9ij = 04 Rigjiz"z’, (W.-T. Ni. M. Zimmermann, PRD 17, 1473 (1978))

3

In the case of the Earth’s gravity, we specifies

M
la| = 9.81m/s° , |w|=727x10""rad/s , Roioj = (G—> ,

r .
X



Dirac equation in curved spacetime

We got the set up to consider Earth’s gravity

goo = —1 — 2a;2" — Ryip;x° 2’
We now consider the proper reference frame 9 -
goi — _WkGOz'jk-xj — gRsz'kxj Ly
1
k1
gij = 045 — 3 ikjll T,

in the Dirac equation in curved spacetime

How do we derive the magnetic moment of an electron...?



Dirac equation in curved spacetime

We take the non-relativistic limit of the Dirac equation in order to derive the magnetic moment.

rewriting

ﬁ
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el (0, + T, +ieA,) Y =mip

i’y = iy
=7"Hy

T

" (To + ieAo) — iy’ (8; — T'j —ied;) + m| ¢

Identifying the non-relativistic Hamiltonian

An explicit calculation gives
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Non-relativistic limit of Dirac equation

4x4 Hamiltonian for an electron and a positron

N Zf)z

o1 _Z 3
1

+ [’YO’Y% (53 (1 + azﬂ?i) + 93) — ’Y%’Y; (wkEOilkal + éRikle

H = (a'z + Ro;o;x ) 8 ’Y]Rozkg

k:l?l) +

1
k 1
Rzk()lib ZT

A . 1 A :
+ |:’YO (1 + az-:cz -+ §R0k05$k$l> — ’}’Z (wke()z-jkxj + 6

2% — A%y Ryt — e Ay

1 .
QROkﬂxka:l] (—i0; — eA;)

)|

- separate an electron and a positron

- take the non-relativistic limit (neglecting higher order of O(

(6. )"

)

(block diagonalizing) ) =

=)

X

. 1 : .
H”’ — (1 + CZZ{UZ + §R0kol$k1}l) m — GAO — wke()z-jk:c"l'[j — wiSz
! -5-- 1 k4 LRyt ) + = Ry !,
+% 1] + apT” + 5 0kolL X + g Gkl X 11y
| 1 1 1
—%SZBJ 0ij (1 + apz® + iROkOlfckwl + ngkmlxkal) ~ &
1 ' 1 o 1
+§€0ilelRijk0£Ek | om €0ijk QA IV Sk | A,

607;‘7'/&3]C (Rijim + 20;mRoio) 211,

<corresponding to v/ C & 1 /ma:' expansion>
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Talk plan

Gravitational modifications in electron g-factor measurements

® correction to the trajectory of the cyclotron motion
® correction to the spin precession

spin-obit coupling



Effects of Earth’s gravity on g-factor

We have the Hamiltonian for a non-relativistic electron

H/// _ (1 —I—CLiCEi

1

T3

R()k()ll'kil}l) m — BA() — wkEOiijBZHj — (.UZ'SZ

1,11,

/ Kinetic terms

.
s

2m |

1 1
1+ apz® + —ROkozxkx’) + - Rjrux”s’

2 3

m

—ESiBj

6 6

1
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l k
+ 5 €0ij10 Rijrox”

1
2m

1
4m

EOijkaiHjSk | GOz'ijk (Rijim + 20 mRoior) 211,

Spin-orbit couplings

We will see Earth’s gravity affects

the trajectory of the cyclotron motion
the spin kinematics of spin precession

a spin-obit coupling appears

(n

- - ) / Spin interactions
1 1 1
0ij (1 + apx” + §R0k01£€k$l + —Rmkml:z:k:vl) — —Rikﬂxkxl

—289 — €Aj >



Talk plan

Gravitational modifications in electron g-factor measurements

® correction to the trajectory of the cyclotron motion



Particle trajectory

The Hamiltonian concerned with cyclotron motion is

1 . /)

Hopiy = (1 + a;x" + 5R0k0l$k$l> m — eAy — wkEOijkxz (Pj — 6Aj) | 2ma'z' (Pz' — €Az')

1 [ 1 1 ’

| 05 | 1+ arz® + = Ropox®x' | + _Rjkilxkxl (p; — eA;) (p; — eA;)

2m | 2 3 ]

Equation of motion - 7 7 ; -
# 337' = —ai—ROina:j—l— {523 @4— am:cm -+ gRomonxmLEn) + gRimjniBmLEn} EBZ -+ 25,,;jwl onkljjk .
_ = /

rd

solving “exactly”

i

giving rise to the cyclotron
motion mzy with 27ch — eB/m

[
\

¥ —

solving perturbatively

. 2
Of. >~ f. (aixéy | ~ COS 9)

2r T,

M M

i 2 ;
X Ryo:xt o) NG—xcy <L a;x G—5Tey

Zo :radius of the Earth, acz

Y
3 cyY

Cy —cy xo :UO

y cyclotron orbit

¢ :angle between w and B

\
/




Particle trajectory

: : : e
i . 7 7 [ - k
We consider the equation r = —a — ROz’OjCEJ + —Beginix

with an experimental setting = (0,0,2), B = (0,0, B?).

Magnetic field B~

M e B~
r=—-G—zx - Yy, electron
T3 m ®
M eB?
Yy = -G 3y £z,
Ty m
M
z=—a°+ 2G—3z
L




Particle trajectory

z
The equations of motion in x-y plane r=-—-G M:z: | e5 Y,
Ty m
M e B~?
y=-G3y z,
X m

can be solved exactly as r = Cy cos(—2m fit) + Cycos(—2mf_t) ,
y = Cysin(—2nf,t) + Cosin(—27f_t) ,

» epicyclic orbit

2nf, + /(27 f.)2 + AGM /3
2




Particle trajectory

..i

- | 1 1 ’
a’ ROinZIZJ—F {529 @—F CLmLEm + gRomonCL‘mCEn) + —Rz-mjn:cm:c"} EBZ -+ 25ijwl

T = €0kl L
- l H : l Anl/ o |
solving “exactly” giving rise to the cyclotron solving perturbatively
GM/z} c Ofc >~ fol a;x.., A cos 0
fc_|_5fcgfcl /0 C C chl 27"'fc

(27ch)2

Total gravitational correction of the cyclotron frequency is




Talk plan

Gravitational modifications in electron g-factor measurements

® correction to the spin precession



Spin kinematics

The Hamiltonian concerned with spin precession is

1
Hspin — 5

l k 0
GOz'le Rz‘jkofC — w;S

_ESZ'BJ'
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i 1
5@' (1 + ak:ck + —R()k()lilik
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Equation of motion is

q

Sa — —Goaz‘bsb [E

m

Bi (1 + ak:z:k) + W;

|

! !

2nfs = eB/m 0fs

Therefore, the modified spin precession frequency is




Talk plan

Gravitational modifications in electron g-factor measurements

spin-obit coupling



Spin-orbit coupling

The Hamiltonian concerned with spin-orbit couplings is

1 € i pj 1 itri ok | 1 k z
Hspin—orbit — %Hinj — ES B’ A 2m60ijka I1I7.5" A 4m€0z'jk5 (Rijlm + 25ijOiOl) z' 11, ,
We rewrite the Hamiltonian as below:
ty 4 L : T
Hpin—omvis = (27 f.) | @'+ 5 )~ (27 f5)S* — A (aS+ + o S_) <27ch =2 fy = eB/m)

1 1 .
wher a = —ill, +1I,) , ol = JdI, +1I,) ,  are creation and annihilation operators, < [, = —10; —eA, )
ere \/26? ( y) \/26? ( y) p J J J

27 f s

ey IS a coupling constant.
m

S, =58"—-15Y, S_=5"+:5Y areladder operators, A=




Spin-orbit coupling

Hspin—orbit — (27ch) (

1

aTa—|-—

2

)_

(21 f)S* — A (aS, + a'S_) (2rf.=2nf,=eB/m )

The spin-orbit coupling breaks the degenerate energy levels between |n)|e) and |n+ 1) |g)

Dle), 12)]g) ———— 1o

The dressed frequencies are

hfc
‘ ~ +——— eXxperimental target
0) le), 1) ]g) —A<lh>A
hf
0) |g) -
fotbfe= fo(1- ot fotdfo= fo (14 et
U a2 mfgm) T U av2y/@nfm




Effects of Earth’s gravity on g-factor

e : . . . 2w GM/z}
® modified particle trajectories: e+ 0fe=f. 1+ axt 0 - 0
f fe=f ( + a;xy, o, COS AL
® modified spin kinematics: fs+0fs = fs |1+ aizg, 2m f cos 0
a spin-obit coupling: fe+tofe= f. |1 1 ¢ for6f,= fi |14 1 a
. C C C 4\/§ \/(27ch)m " S S S I 4\/§ \/(Qﬂ-fs)m

Total correction is fe+ofe =1,

2w 1 a - GM/x;
L+ aigy & o oot = 1 V@rfym 2(27rfc)2) |

fs+ofs = £ (”% 2:]" s 4x1f2\/(2;f>m) |

Gravitational » 5_9  fstofs [ ~ T eosB | 1 a GM /g
correction to g-factor is 9 fo+35f. f. 27 f. 22 \/@2rf)m  (27f.)?




Effects of Earth’s gravity on g-factor

The most accurate electron g-factor measurement was operated at Harvard Univ. in 2008.
(D, Hanneke, et al, PRL 100, 120801 (2008))

Using the experimental values f. = fs = eB/m ~ 150GHz , 0 ~ 0.674rad

one can estimate the each gravitational correction:

Effects of Earth’s rotation o f cos 0 52 x 1017
: : : 1
Spin-orbit coupling through a; 5 \/(Z:fc)m 43 % 10-25
: - GM/x; _30
Tidal effect 21 1)2 —1.7x 10
Sensitivity in the experiment 2.8 x 10713

(G. Gabrielse, et al, PRL 97, 030802 (2006))



Summary

The electron g-factor has been measured intensively to confirm the standard model prediction

There is a discrepancy between an experimental result and the theoretical prediction at 2.50

We probed the possibility that the discrepancy could be explained by effects of Earth’s gravity

# The leading correction comes from the rotation of the Earth, thatis g / 2~52x10"17

Although the gravitational effect is smaller than the current sensitivity d¢g/2 = 2.8 X 10715,

it might be detectable in the future

-

> muon

improving by 3 digits is possible:--?
(G. Gabrielse, et al, arXiv:1904.06174 (2019), X. Fan, et al, arXiv:2011.08136 (2020))

sensitivity: J¢g/2 = 4.6 x 1077
(B. Abi, et al, arXiv:2104.03281 (2021))

modification from the rotation of the Earth: §g/2 ~ 1012



